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SUBRINGS OF Z[t]/(t4)
SARTHAK CHIMNI AND RAMIN TAKLOO-BIGHASH
Abstract. In this note we study the distribution of the subrings
of Z[t]/(t4) and prove two results. The first result gives an asymp-
totic formula for the number of subrings of Z[t]/(t4) of bounded
index. The method of proof of this theorem is p-adic integration
a la Grunewald, Segal, and Smith [2]. Our second result is about
the distribution of cocyclic subrings in Z[t]/(t4). Our proof of this
result is combinatorial and is based on counting certain classes of
matrices with Smith normal forms of a special form.
1. Introduction
Given a ring R whose additive group is isomorphic to Zn for some
n ∈ N we define
a<R(k) := |{S subring of R | [R : S] = k}|
For any k ∈ N, a<R(k) is finite. We define the subring zeta function of
R by
ζ<R (s) :=
∞∑
k=1
a<R(k)
ks
=
∑
S≤R
1
[R : S]s
One can study the distribution of subrings of finite index in R by using
the analytic properties of ζ<R (s) as a function of the complex variable
s. In particular, by various Tauberian theorems, the location of poles
and their orders give information about the function defined by
s<R(B) =
∑
k≤B
a<R(k) = |{S subring of R | [R : S] ≤ B}|.
Several papers [1, 5, 6, 10] have considered the problem of deter-
mining the analytic properties of the zeta function ζ<R and the growth
function s<R(B) for rings R of small rank. The rings considered in these
papers, Zn or rings of integers of number fields, have all been reduced.
The ring Z[t]/(t4) considered in this note is not reduced.
We prove the following theorem in §2.
Theorem 1. Let R = Z[t]/(t4). Then ζ<R (s) =
∏
p ζR,p(s) with the
product over all primes p of Q, and where for p odd
ζR,p(s) =
1 + px2 + p2x3 − p4x5 − 2p5x6 − 2p6x7 − p7x8 + p9x10 + p10x11 + p11x13
(1− p5x6)(1− p4x4)(1− p3x3)(1− p2x2)(1− x)
1
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with x = p−s. The right most pole of ζ<R (s) is a simple pole at s = 3/2.
We have
s<R(B) ∼ CB
3
2 , B →∞
with C equal to
(
29256+18556
√
2
194481
)
ζ(3
2
)2ζ(2)ζ(4) multiplied by
∏
p 6=2
(1 + p−2 + p−
5
2 − p− 72 − 2p−4 − 2p− 92 − p−5 + p−6 + p− 132 + p− 172 ).
We note that for every example of a reduced rank four ring R known
to us the growth of s<R(B) is of the form CB(logB)
m for some non-
negative integer m.
In §3 we count the cocyclic subrings of Z[t]/(t4). In [7], Nguyen
and Shparlinski count cocylic sublattices of Zn. Chinta, Kaplan and
Koplewitz [4] extend these results to sublattices of corank at most m
for m ≤ n. In our work [3] we adapted these ideas to subrings in
Z[t]/(t3). Here we consider the case of Z[t]/(t4). We call a subring S
of finite index in R = Z[t]/(t4) cocyclic if the finite abelian group R/S
is cyclic. Given a natural number k, we let accR (k) be the number of
cocyclic subrings of R which are of index k in R. We also let
ζccR (s) =
∞∑
k=1
accR (k)
ks
.
It is known that
ζccR (s) =
∏
p
ζccR,p(s)
where each local factor ζccR,p(s) is a rational function in p
−s. We prove
the following theorem:
Theorem 2. For p odd,
ζccR,p(s) =
1 + x+ (p3 − p2)x3 − p3x4 − p4x5
(1− p2x2)(1− p4x4) .
The zeta function ζccR (s) has a simple pole at s = 3/2. We have∑
k≤B
k odd
accR (k) ∼ DB
3
2 , B →∞
with
D = ζ(2)(A+B
√
2)
∏
p 6=2
(1 + 2p−
3
2 − p− 52 − p−3 − p− 72 ).
for explicitly computable rational numbers A,B (see the end of §3 for
the exact value).
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In contrast with our previous work [3] where we used p-adic integra-
tion methods to determine the full co-type zeta function, here we use
combinatorial methods and count certain matrices in Hermite normal
form that give cocyclic subrings.
The second author wishes to thank the Simons Foundation for par-
tial support of his work through a Collaboration Grant. The authors
also wish to thank Gautam Chinta and Nathan Kaplan for helpful
conversations. Some of the numerical computations of this note were
performed using sagemath.
The paper is organized as follows: In §2 we review the basic method-
ology of [2], set up our p-adic integral, and prove Theorem 1. We
present the proof of Theorem 2 in §3.
2. Subring zeta function of Z[t]/(t4)
The following theorem is a summary of results from [2]:
Theorem 3. 1. The series ζ<R (s) converges in some right half plane
of C. The abscissa of convergence α<R of ζ
<
R (s) is a rational number.
There is a δ > 0 such that ζ<R (s) can be meromorphically continued to
the domain {s ∈ C | R(s) > α<R−δ}. Furthermore, the line R(s) = α<R
contains at most one pole of ζ<R (s) at the point s = α
<
R.
2. There is an Euler product decomposition
ζ<R (s) =
∏
p
ζ<R,p(s) (1)
with the local Euler factor given by
ζ<R,p(s) =
∞∑
l=0
a<R(p
l)
pls
This local factor is a rational function of p−s; there are polynomials
Pp, Qp ∈ Z[x] such that ζ<R (s) = Pp(p−s)/Qp(p−s). The polynomials
Pp, Qp can be chosen to have bounded defree as p varies.
By a theorem of Voll [11], the local Euler factors satisfy functional
equations. The paper [2] introduced a p-adic formalism to study the
local Euler factors ζ<R (s). Fix a Z-basis for R and identify R with Z
n.
The multiplication in R is given by a bi-additive map
β : Zn × Zn → Zn
which extends to a bi-additive map
βp : Z
n
p × Znp → Znp
giving Rp = R⊗Z Zp the structure of a Zp -algebra.
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LetMp(β) be the subset of the set of n×n lower triangular matrices
M with entries in Zp such that if the rows of M = (xij) are denoted
by v1, . . . vn, then for all i, j satisfying 1 ≤ i, j ≤ n, there are p-adic
integers c1ij, . . . c
n
ij such that
vi.vj =
n∑
k=1
ckijvk. (2)
Let dM be the normalized additive Haar measure on Tn(Zp), the set
of n × n lower triangular matrices with entries in Zp. Proposition 3.1
of [2] says :
ζ<R,p(s) = (1− p−1)n−1
∫
Mp(β)
|x11|s−n+1|x22|s−n+2 · · · |xdd|s−1dM (3)
We now apply these considerations to the case of Z[t]/(t4). From now
on R = Z[t]/(t4). Note that the additive structure of R is the same as
that of Z4 and that β = {1, t, t2, t3} is a basis for R as a lattice. Let
ζR(s) denote the subring zeta function for R, then by Theorem 3 there
exists an Euler product decomposition
ζZ[t]/(t4)(s) =
∞∑
n=1
aZ[t]/(t4)(n)
ns
=
∏
p prime
ζZ[t]/(t4),p(s)
where
ζZ[t]/(t4),p(s) =
∞∑
k=1
ak,p
pks
.
Here ak,p counts the number of subrings of Z[t]/(t
4) of index pk. Let
M4(p) be the subset of the set of 4 × 4 lower triangular matrices M
with entries in Zp such that if the rows of M = (aij) are denoted by
v1, . . . v4, then for all i, j satisfying 1 ≤ i, j ≤ 4, there are p-adic integers
c1ij, . . . c
4
ij such that
vi.vj =
4∑
k=1
ckijvk. (4)
The product vi.vj is defined as the row vector representing the prod-
uct of the corresponding polynomials in R. Equation (3) applied to
Z[t]/(t4) gives :
ζZ[t]/(t4),p(s) = (1− p−1)3
∫
M4(p)
|a11|s−3|a22|s−2|a33|s−1dM. (5)
Definition 4. If (k, l, r) is a 3-tuple of non-negative integers, we set
M4(p; k, l, r) =
{
M =


pk 0 0 0
a21 p
l 0 0
a31 a32 p
r 0
0 0 0 1

 ∈M4(p)
}
.
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Let µp(k; l; r) be the volume of M4(p; k, l, r) as a subset of Z6p. It
follows from equation (5) that
ζZ[t]/(t3),p(s) =
∑
k,l,r
p2k+l
p(k+l+r)s
µp(k, l, r). (6)
We use (4) to describe M4(p; k, l, r) in terms of some inequalities so
that we can compute µp(k, l, r).
Lemma 5. M4(p; k, l, r) is the set of matrices
M =


pk 0 0 0
a21 p
l 0 0
a31 a32 p
r 0
0 0 0 1


where the following inequalities hold
0 ≤ l ≤ 2r; (7)
0 ≤ k ≤ l + r; (8)
k + l − r ≤ v(2pla32 − pra21). (9)
Proof. Since the subring S is closed under multiplication, we have that
(a31t
3 + a32t
2 + prt)
2
= 2pra32t
3+p2rt2 = c1p
kt3+c2(a21t
3+plt2)+c3(a31t
3+a32t
2+prt)
where the ci ∈ Zp. Equating coefficients we have
c3 = 0 c2 = p
2r−l and c1 = p
−k(2pra32 − p2r−la21),
and this gives us inequality (7) and (9). Now
(a31t
3 + a32t
2 + prt)(a21x
3 + plt2) = pl+rt3.
Then,
pl+rt3 = b1p
kt3 + b2(a21t
3 + plt2) + b3(a31t
3 + a32t
2 + prt).
Equating coefficients we have b2 = b3 = 0 and b1 = p
l+r−k which gives
us (8). 
We now proceed to evaluate
∑
k,l,r
p2k+l
p(k+l+r)s
µp(k, l, r). We first assume
p 6= 2, and then treat the case of p = 2 separately.
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2.1. The case where p 6= 2. We consider two cases r ≥ l and r < l.
CASE 1 : r ≥ l
In this case we can simplify (9) to k − r ≤ v(2a32 − pr−la31). Now
if r ≥ k this always holds so that in that case µp(k, l, r) = 1 and
if r < k this holds exactly when 2a32 = p
r−ly for some y ∈ Zp and
y ≡ a31 mod pk+l−2r. So that µp(k, l, r) = pl−r.p2r−l−k = pr−k.
SUBCASE 1: r < k
Our inequalities reduce to the following:
r < k ≤ l + r and r ≥ l.
Note that k and l cannot be 0 and µp(k, l, r) = p
r−k from the above
argument. So we have
F1(s) =
∑
r<k≤l+r,
1≤l≤r
p2k+l
p(k+l+r)s
µp(k, l, r)
=
∑
r<k≤l+r,
1≤l≤r
p2k+l.pr−k
p(k+l+r)s
=
∞∑
l=1
(px)l
∞∑
r=l
(px)r
r+l∑
k=r+1
(px)k
=
∞∑
l=1
(px)l
∞∑
r=l
(px)r
(
(px)r+1(1− (px)l)
1− px
)
=
1
1− px
∞∑
l=1
(px)l
∞∑
r=l
(px)r
(
(px)r+1(1− (px)l)
)
=
px
1− px
∞∑
l=1
(px)l
∞∑
r=l
(
(px)2r − (px)2r+l
)
=
px
1− px
∞∑
l=1
(px)l
(
(px)2l
1− p2x2 −
(px)3l
1− p2x2
)
=
px
(1− px)(1− p2x2)
∞∑
l=1
(
(px)3l − (px)4l
)
=
px
(1− px)(1− p2x2)
(
p3x3
1− p3x3 −
p4x4
1− p4x4
)
.
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Simplifying gives
F1(s) =
p4x4
(1− p2x2)(1− p3x3)(1− p4x4) . (10)
SUBCASE 2 r ≥ k
F2(s) =
∑
r≥k,
r≥l
p2k+l
p(k+l+r)s
µp(k, l, r)
=
∑
r≥k,
r≥l
p2k+l
p(k+l+r)s
=
∞∑
l=0
(px)l
∞∑
r=l
xr
r∑
k=0
(p2x)k
=
∞∑
l=0
(px)l
∞∑
r=l
xr
(
(1− (p2x)r+1)
1− p2x
)
=
1
1− p2x
∞∑
l=0
(px)l
∞∑
r=l
(
xr − (p2x)(p2x2)r
)
=
1
(1− p2x)(1− x)
∞∑
l=0
(px2)l − p
2x
(1− p2x)(1− p2x2)
∞∑
l=0
(p3x3)l
=
1
(1− p2x)(1− x)(1 − px2) −
p2x
(1− p2x)(1− p2x2)(1− p3x3) .
Simplifying the expression gives
F2(s) =
1− p3x4
(1− x)(1 − p2x2)(1− p3x3)(1− px2) . (11)
CASE 2 : r < l
In this case we can simplify (9) to k + l − 2r ≤ v(2pl−ra32 − a31).
SUBCASE 1: r < k
Now if r < k this holds exactly when a31 = p
l−ry for some y ∈ Zp
and y ≡ 2a32 mod pk−r. This implies that µp(k, l, r) = p2r−k−l. In this
case our inequalities reduce to the following:
r < l ≤ 2r and r < k ≤ l + r.
Note that k, l and r cannot be 0. So we have
F3(s) =
∑
r<l≤2r
r<k≤l+r
p2k+l
p(k+l+r)s
µp(k, l, r)
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=
∑
r<l≤2r
r<k≤l+r
p2r+k
p(k+l+r)s
=
∞∑
r=1
(p2x)r
2r∑
l=r+1
xl
r+l∑
k=r+1
(px)k
∞∑
r=1
(p2x)r
2r∑
l=r+1
xl
(
(px)r+1(1− (px)l)
1− px
)
=
px
1− px
∞∑
r=1
(p3x2)r
2r∑
l=r+1
(
xl − (px2)l
)
=
px
1− px
∞∑
r=1
(p3x2)r
(
xr+1(1− xr)
1− x −
(px2)r+1(1− (px2)r)
1− px2
)
=
px2
(1− px)(1− x)
∞∑
r=1
(
(p3x3)r−(p3x4)r
)
− p
2x3
(1− px)(1 − px2)
∞∑
r=1
(
(p4x4)r−(p5x6)r
)
=
px2
(1− px)(1− x)
(
p3x3
1− p3x3−
p3x4
1− p3x4
)
− p
2x3
(1− px)(1− px2)
(
p4x4
1− p4x4−
p5x6
1 − p5x6
)
=
p4x5
(1− px)(1− p3x3)(1− p3x4) −
p6x7
(1− px)(1 − p4x4)(1− p5x6)
=
p4x5
(
(1− p4x4)(1− p5x6)− p2x2(1− p3x3)(1− p3x4))
(1− px)(1− p3x3)(1− p3x4)(1− p4x4)(1− p5x6) .
Some easy manipulation gives
F3(s) =
p4x5(1 + px− p4x4 − p8x9)
(1− p3x3)(1− p3x4)(1− p4x4)(1− p5x6) . (12)
SUBCASE 2: r ≥ k
Here we further look at 2 subcases. If k + l ≤ 2r then we have that
(9) always holds. In that case µp(k, l, r) = 1. On the other hand if
k + l > 2r then µp(k, l, r) = p
2r−k−l.
SUBCASE 2a : k + l > 2r
Our inequalities are k ≤ r < l ≤ 2r and k + l ≤ 2r. We have
F4(s) =
∑
0≤k≤r<l≤2r,k+l>2r
=
p2k+l
p(k+l+r)s
µp(k, l, r)
=
∑
0≤k≤r<l≤2r,k+l>2r
p2r+k
p(k+l+r)s
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=
∞∑
r=1
(p2x)r
2r∑
l=r+1
xl
r∑
k=2r−l+1
(px)k
=
∞∑
r=1
(p2x)r
2r∑
l=r+1
xl
(
(px)2r−l+1(1− (px)l−r)
1− px
)
=
px
1− px
∞∑
r=1
(p4x3)r
2r∑
l=r+1
(
p−l − (px)−rxl
)
=
px
1− px
∞∑
r=1
(p4x3)r
(
p−r−1(1− p−r)
1− p−1 − (px)
−r
(
xr+1(1− xr)
1− x
))
=
x
(1− px)(1− p−1)
∞∑
r=1
(
(p3x3)r−(p2x3)r
)
− px
2
(1 − px)(1− x)
∞∑
r=1
(
(p3x3)r−(p3x4)r
)
=
x
(1− px)(1− p−1)
(
p3x3
1− p3x3−
p2x3
1− p2x3
)
− px
2
(1− px)(1 − x)
(
p3x3
1− p3x3−
p3x4
1− p3x4
)
=
p3x4
(1− px)(1− p3x3)(1− p2x3) −
p4x5
(1− px)(1 − p3x3)(1− p3x4)
=
p3x4
(1− px)(1− p3x3)
(
1
1− p2x3 −
px
1− p3x4
)
.
We obtain
F4(s) =
p3x4
(1− p3x3)(1− p3x4)(1− p2x3) . (13)
SUBCASE 2b : k + l ≤ 2r
We have
F5(s) =
∑
0≤k≤r<l≤2r
k+l≤2r
p2k+l
p(k+l+r)s
µp(k, l, r)
=
∑
0≤k≤r<l≤2r
k+l≤2r
p2k+l
p(k+l+r)s
=
∞∑
r=1
xr
2r∑
r+1
(px)l
2r−l∑
k=0
(p2x)k
=
∞∑
r=1
xr
2r∑
r+1
(px)l
(
1− (p2x)2r−l+1
1− p2x
)
=
1
1− p2x
∞∑
r=1
xr
2r∑
r+1
(
(px)l − (p2x)2r+1p−l
)
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=
1
1− p2x
∞∑
r=1
xr
(
(px)r+1(1− (px)r)
1− px − (p
2x)2r+1
(
p−r−1(1− p−r)
1− p−1
))
px
(1− p2x)(1− px)
∞∑
r=1
(
(px2)r−(p2x3)r
)
− px
(1− p2x)(1− p−1)
∞∑
r=1
(
(p3x3)r−(p2x3)r
)
=
px
(1− p2x)(1 − px)
(
px2
1− px2−
p2x3
1− p2x3
)
− px
(1− p2x)(1− p−1)
(
p3x3
1− p3x3−
p2x3
1− p2x3
)
=
p2x3
(1− p2x)(1− px2)(1− p2x3) −
p4x4
(1− p2x)(1− p3x3)(1− p2x3)
=
p2x3
(1− p2x)(1− p2x3)
(
1
1− px2 −
p2x
1− p3x3
)
.
We obtain
F5(s) =
p2x3
(1− px2)(1− p2x3)(1− p3x3) . (14)
Summing up equations (10)-(14) gives
ζR,p(s) =
1 + px2 + p2x3 − p4x5 − 2p5x6 − 2p6x7 − p7x8 + p9x10 + p10x11 + p11x13
(1− p5x6)(1− p4x4)(1− p3x3)(1− p2x2)(1− x)
with x = p−s. It is now easy to see that∏
p 6=2
ζR,p(s)
is has a simple pole at s = 3/2 and otherwise it is holomorphic on a
domain containing ℜs ≥ 3/2. In order to prove the theorem we need
to show that ζR,2(s) is holomorphic on a domain containing ℜs ≥ 3/2.
We do this next.
2.2. The case where p = 2. Here too we consider two cases r ≥ l
and r < l.
CASE 1 : r ≥ l
In this case we can simplify (9) to k − r ≤ v(2a32 − 2r−la31). Now
if r ≥ k this always holds so that in that case µ2(k, l, r) = 1. if r < k
there are two further subcases. If r > l then this holds exactly when
a32 = 2
r−l−1y for some y ∈ Z2 such that y ≡ a31 mod 2k+l−2r. So that
µ2(k, l, r) = 2
l−r−1.22r−l−k = 2r−k+1 when r > l. If r = l then the
congruence reduces to k − r ≤ v(2a32 − a31) which holds on a volume
of µ2(k, l, r) = 2
r−k.
SUBCASE 1: r < k
SUBCASE 1a : r > l
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Our inequalities reduce to the following:
r < k ≤ l + r and r > l.
Note that k and l cannot be 0 and µ2(k, l, r) = p
r−k from the above
argument. So we have
T1(s) =
∑
r<k≤l+r,
1≤l<r
p2k+l
p(k+l+r)s
µ2(k, l, r)
=
∑
r<k≤l+r,
1≤l<r
p2k+l.pr−k+1
p(k+l+r)s
= p
∞∑
l=1
(px)l
∞∑
r=l+1
(px)r
r+l∑
k=r+1
(px)k
= p
∞∑
l=1
(px)l
∞∑
r=l+1
(px)r
(
(px)r+1(1− (px)l)
1− px
)
=
p
1− px
∞∑
l=1
(px)l
∞∑
r=l+1
(px)r
(
(px)r+1(1− (px)l)
)
=
p2x
1− px
∞∑
l=1
(px)l
∞∑
r=l+1
(
(px)2r − (px)2r+l
)
=
p2x
1− px
∞∑
l=1
(px)l
(
(px)2l+2
1− p2x2 −
(px)3l+2
1− p2x2
)
=
p2x
(1− px)(1− p2x2)
∞∑
l=1
(
(px)3l+2 − (px)4l+2
)
=
p2x
(1− px)(1− p2x2)
(
p5x5
1− p3x3 −
p6x6
1− p4x4
)
.
Simplifying gives
T1(s) =
p7x6
(1− p2x2)(1− p3x3)(1− p4x4) . (15)
SUBCASE 1b : r = l
Now if r = l, then l < k ≤ 2l and µ2(k, l, r) = pr−k. So that our sum
is
T2(s) =
∞∑
l=1
(px)2l
2l∑
k=l+1
(px)k
=
1
1− px
∞∑
l=1
(px)2l(px)l+1(1− (px)l)
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=
px
1− px
∞∑
l=1
(
(px)3l − (px)4l)
=
px
1− px
(
p3x3
1− p3x3 −
p4x4
1− p4x4
)
T2(s) =
p4x4
(1− p3x3)(1− p4x4) (16)
SUBCASE 2 r ≥ k
We need to find
T3(s) =
∑
r≥k,
r≥l
p2k+l
p(k+l+r)s
µp(k, l, r)
Here µ2(k, l, r) = 1 and the computation is exactly the same as when
p 6= 2. So we have,
T3(s) = F2(s) =
1− p3x4
(1− x)(1 − p2x2)(1− p3x3)(1− px2) . (17)
CASE 2 : r < l
In this case we can simplify (9) to k + l − 2r ≤ v(2l−r+1a32 − a31).
SUBCASE 1: r < k
Now if r < k this holds exactly when a31 = 2
l−r+1y for some y ∈ Z2
such that y ≡ a32 mod 2k−r−1. This implies that µ2(k, l, r) = 22r−k−l.
In this case our inequalities reduce to the following:
r < l ≤ 2r and r < k ≤ l + r.
Note that k, l and r cannot be 0. In this case our sum is
T4(s) =
∑
r<l≤2r
r<k≤l+r
p2k+l
p(k+l+r)s
µp(k, l, r)
Again the computation is identical to the one where p 6= 2. So that
T4(s) = F3(s) =
p4x5(1 + px− p4x4 − p8x9)
(1− p3x3)(1− p3x4)(1− p4x4)(1− p5x6) . (18)
SUBCASE 2: r ≥ k
Here we further look at 2 subcases. If k + l ≤ 2r then we have that
(9) always holds. In that case µ2(k, l, r) = 1. On the other hand if
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k + l > 2r then µ2(k, l, r) = 2
2r−k−l. In either case the computations
are the same as when p 6= 2.
SUBCASE 2a : k + l > 2r
Our inequalities are k ≤ r < l ≤ 2r and k+ l ≤ 2r. Our sum here is
T5(s) =
∑
0≤k≤r<l≤2r,k+l>2r
=
p2k+l
p(k+l+r)s
µp(k, l, r)
So that
T5(s) = F4(s) =
p3x4
(1− p3x3)(1− p3x4)(1− p2x3) . (19)
SUBCASE 2b : k + l ≤ 2r
Here µ2(k, l, r) = 1. We have
T6(s) =
∑
0≤k≤r<l≤2r
k+l≤2r
p2k+l
p(k+l+r)s
µ2(k, l, r)
And again
T6(s) = F5(s) =
p2x3
(1− px2)(1− p2x3)(1− p3x3) . (20)
Summing up the contributions from the Ti(s) we get
ζR,2(s) =
(
212x13 − 212x12 + 211x12 + 210x11 + 29x10 − 27x8 − 27x7
+ 27x6 − 26x7 − 26x6 − 25x6 − 24x5 + 22x3 + 2x2 + 1
)
(1− x)(1− 2x2)(1− 24x4)(1− 23x3)(1− 25x6) .
(21)
It is now obvious that ζR.2(s) is holomorphic on a domain containing
ℜs ≥ 3/2, and one can compute its value at s = 3/2. Now that the
local factors of the zeta function are known the rest of the statements
of Theorem 1 are easy consequences of a standard Tauberian theorem,
and basic properties of the Riemann zeta function, plus some rather
tedious computations.
3. Coyclic Subrings
In this section we prove Theorem 2. We start with some definitions.
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Definition 6. The cotype of a sublattice Λ ∈ Zn is defined as fol-
lows. By elementary divisor theory, there is a unique n-tuple of in-
tegers (α1, . . . , αn) = (α1(Λ), . . . , αn(Λ)) such that the finite abelian
group Zn/Λ is isomorphic to the sum of cyclic groups.
(Z/α1Z)⊕ (Z/α2Z)⊕ · · · ⊕ (Z/αnZ)
where αi+1|αi for 1 ≤ i ≤ n − 1. The n-tuple (α1(Λ), . . . , αn(Λ)) is
called the cotype of Λ. The largest index i for which αi 6= 1 is called
the corank of Λ. A sublattice Λ of corank 0 or 1 is called cocyclic, i.e.,
when Zn/Λ is cyclic abelian group.
From now on set R = Z[t]/(t4). A subring S of R is said to be
cocyclic if it is cocyclic as an additive sublattice of R. Define accR (k) to
be the number of cocyclic subrings of R of index k then the subring
zeta function that counts these is given by
ζccZ[t]/(t4)(s) =
∞∑
n=1
accR (k)
ks
It follows from lemma 1.1 in [8] that there is an Euler Product for
ζccZ[t]/(t4)(s) given by
ζccZ[t]/(t4)(s) =
∏
p
ζccp,k(s)
where
ζccp,k(s) =
∞∑
m=0
accR (p
m)
pms
.
The following two propositions allow us to compute ζccp,k(s) by counting
a certain class of matrices. Proposition 7 is a consequence of Proposi-
tion 8.1 in [9], and Propostion 8 is proposition 2.1 from [6].
Proposition 7. If S is a sublattice of Zn of full rank generated by the
rows of a matrix M then R/S ∼= (Z/α1Z)⊕ (Z/α2Z)⊕ · · · ⊕ (Z/αnZ)
where αi+1 | αi and αn−k+1αn−k+2 · · ·αn is equal to the gcd of all k× k
minors of M , with the convention that if all k × k minors are 0, then
their gcd is 0.
Proposition 8. There is a bijection between lattices L ⊂ Zn of index
k and n× n lower triangular matrices

a11 0 · · · 0
a21 a22 · · · 0
...
...
. . . 0
an1 an2 · · ·


with determinant k such that 0 ≤ aij < ajj, for1 ≤ j < i ≤ n.
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Proposition 9. There is a bijection between cocyclic subrings S of
Z[t]/(t4) of index pk+l+r and 4×4 upper triangular matricesM ∈M4(Z)
M =


pk 0 0 0
a21 p
l 0 0
a31 a32 p
r 0
0 0 0 1


such that
0 ≤ a21, a31 < k; (22a)
0 ≤ a32 < l; (22b)
0 ≤ l ≤ 2r; (22c)
0 ≤ k ≤ l + r; (22d)
pr−l−k(2pla32 − pra21) ∈ Z; (22e)
gcd
(
pk+l+r, pl+r, pra21, (a21a32 − pla31), pk+r, pka32, pk+l
)
= 1. (22f)
Proof. It follows from proposition 7 that if S is a subring of R generated
by the rows of a matrixM then S is cocyclic if and only if the gcd of the
3 × 3 minors of M is 1, and this is exactly equation (22f). Equations
(22a) and (22b) are the conditions from Proposition 8 that give the
bijection. The remaining equations are multiplicativity conditions from
Lemma 5. 
We now proceed to prove Theorem 2. Let c(k,l,r) be the number of
matrices that satisfy all the equations (22a) - (22f) for a fixed choice
of k, l, r. Then
accR (p
m) =
∑
k+l+r=m
c(k,l,r)
and
ζccp,k(s) =
∞∑
l≤2r
k≤l+r
c(k,l,r)
p(k+l+r)s
.
As in the previous section we do this in cases. First we assume p is odd,
and then we treat the case of p = 2 separately. In each case we find
c(k,l,r) and sum over all possible choices of k, l and r. In what follows
x = p−s.
3.1. The case where p 6= 2. . We proceed by writing down cases.
CASE 1 : k = 0
In this case a21 = a31 = 0. If l = 0 then we have a unique cocyclic
subring corresponding to each choice of r so that c(0,0,r) = 1 for all r.
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If l ≥ 1 then equation (22f) reduces to p ∤ a32, giving (pl−pl−1) choices
for M and c(0,l,r) = p
l − pl−1. So that our sum becomes
ζ1(s) =
∞∑
r=0
xr +
∞∑
r=1
xr
2r∑
l=1
(pl − pl−1)xl
=
1
1− x +
(p− 1)x
1− px
∞∑
r=1
xr(1− (px)2r)
=
1
1− x +
(p− 1)x
1− px
(
x
1− x −
p2x3
1− p2x3
)
=
1
1− x +
(p− 1)(1 + px)x2
(1− x)(1− p2x3) .
Simplification gives
ζ1(s) =
px2 + x+ 1
1− p2x3 . (23)
CASE 2 : k > 0, l = 0
Note that we have a32 = 0 and k ≤ r and all the conditions reduce
to p ∤ a31. We have p
k − pk−1 choices for a31 and pk choices for a21
which gives c(k,0,r) = p
2k − p2k−1. So we have
ζ2(s) =
∞∑
r=1
xr
r∑
k=1
pk(pk − pk−1)xk
=
∞∑
r=1
xr
r∑
k=1
(1− p−1)(p2x)k
=
p2x(1 − p−1)
1− p2x
∞∑
r=1
xr(1− (p2x)r)
=
p(p− 1)x
1− p2x
(
x
1− x −
p2x2
1− p2x2
)
.
This gives
ζ2(s) =
p(p− 1)x2
(1− x)(1− p2x2) . (24)
CASE 3 : k, l, r ≥ 1
In this case (22f) implies that both a21 and a32 are coprime to p.
Therefore (except in 3b) we have that c(k,l,r) = (p
2k− p2k−1)(pl− pl−1))
in all the following subcases:
SUBCASE 1 : l < r
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We can simplify (22e) as pr−k(2a32 − pr−la21) ∈ Z. Since l < r, this
holds only when k ≤ r. So our sum is
ζ3(s) =
∞∑
r=2
xr
r∑
k=1
(p2k − p2k−1)xk
r−1∑
l=1
(pl − pl−1)xl
=
px(1− p−1)2
1− px
∞∑
r=2
xr(1− (px)r−1)
r∑
k=1
(p2x)k
=
p(p− 1)2x2
(1− px)(1− p2x)
∞∑
r=2
(xr − (px)−1(px2)r)(1− (p2x)r)
=
p(p− 1)2x2
(1− px)(1− p2x)
∞∑
r=2
(
xr− (p2x2)r− (px)−1(px2)r+(px)−1(p3x3)r
)
=
p(p− 1)2x2
(1− px)(1 − p2x)
(
x2
1− x −
p4x4
1− p2x2 −
px3
1− px2 +
p5x5
1− p3x3
)
.
We have
ζ3(s) =
p(p− 1)2x4(−p3x3 − p2x2 + p2x+ 1)
(1− x)(1− p2x2)(1− p3x3)(1− px2) (25)
SUBCASE 2 : l > r
In this case we can simplify (22e) to p2r−k−l(2pl−ra32 − a21) ∈ Z.
This only holds when k + l ≤ 2r. Our sum is
ζ4(s) =
∞∑
r=2
xr
2r−1∑
l=r+1
(pl − pl−1)xl
2r−l∑
k=1
(p2k − p2k−1)xk
(Note that if r = 1 then l = 2 which implies k = 0 which was considered
in a previous case.)
=
p2x(1− p−1)2
1− p2x
∞∑
r=2
xr
2r−1∑
l=r+1
(px)l(1− p4r−2lx2r−l)
=
(p− 1)2x
1− p2x
∞∑
r=2
xr
2r−1∑
l=r+1
(px)l − p4r−lx2r
=
(p− 1)2x
(1− p2x)(1− px)
( ∞∑
r=2
xr(px)r+1(1− (px)r−1)
)
−p(p− 1)x
(1− p2x)
( ∞∑
r=2
xr(p4x2)rp−r−1(1− p−r+1)
)
=
(p− 1)2x
(1− p2x)(1 − px)
(
p3x5
1− px2−
p4x6
1− p2x3
)
−p(p− 1)x
(1− p2x)
(
p5x6
1− p3x3−
p4x6
1− p2x3
)
.
We have
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ζ4(s) =
p3(p− 1)2x6
(1− px2)(1− p3x3)(1− p2x3) (26)
SUBCASE 3 : l = r
In this case (22e) reduces to pl−k(2a32 − a21) ∈ Z.
SUBCASE 3a) : k ≤ l
Equation (22e) holds for all a32, a21 satisfying (22a) and (22b). Our
sum in this case is
ζ5(s) =
∞∑
l=1
(pl − pl−1)x2l
l∑
k=1
(p2k − p2k−1)xk
=
p2(1− p−1)2x
1− p2x
∞∑
l=1
(px2)l(1− (p2x)l)
=
(p− 1)2x
1− p2x
(
px2
1− px2 −
p3x3
1− p3x3
)
.
We obtain
ζ5(s) =
p(p− 1)2x3
(1− px2)(1− p3x3) . (27)
SUBCASE 3b) k > l.
We can rewrite (22e) as pk−l | 2a32 − a21. Fix a32 coprime to p such
that a32 < p
l. There are pl−pl−1 choices for a32. Since a21 is congruent
to 2a32 modulo p
k−l that leaves pk−(k−l) = pl choices for a32. So that
c(k,l,r) = p
k(p2l − p2l−1).
ζ6(s) =
∞∑
l=1
(p2l − p2l−1)x2l
2l∑
k=l+1
(px)k
=
1− p−1
1− px
∞∑
l=1
(p2x2)l(px)l+1(1− (px)l)
=
1− p−1
1− px
(
p4x4
1− p3x3 −
p5x5
1− p4x4
)
.
We have
ζ6(s) =
p3(p− 1)x4
(1− p3x3)(1− p4x4) . (28)
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Now ζccR,p(s) =
∑6
j=1 ζj(s). Putting everything together we obtain
ζccR,p(s) =
−p3x4 + (p2 − p)x2 + (1− p)x+ 1
(1− px)(1− p4x4) .
It is easy to see that
∏
p 6=2 ζ
cc
R,p(s) is meromorphic on a domain con-
taining ℜs ≥ 3/2−δ for some δ > 0 with a single simple pole at s = 3/2.
In order to apply the Tauberian theorem we need to show that ζR,2(s)
is holomorphic on a domain containing ℜs ≥ 3/2 and compute its value
at s = 3/2. We do this next.
3.2. The case where p = 2. We recognize several cases.
CASE 1 : k = 0
In this case a21 = a31 = 0. If l = 0 then we have a unique cocyclic
subring corresponding to each choice of r so that c(0,0,r) = 1 for all r.
If l ≥ 1 then equation (22f) reduces to 2 ∤ a32, giving (2l−2l−1) choices
for M and c(0,l,r) = 2
l − 2l−1. So that our sum becomes
E1(s) =
∞∑
r=0
xr +
∞∑
r=1
xr
2r∑
l=1
(pl − pl−1)xl
This is the the exact same sum as for p 6= 2. So that
E1(s) =
px2 + x+ 1
1− p2x3 . (29)
CASE 2 : k > 0, l = 0
Note that we have a32 = 0 and k ≤ r and all the conditions reduce
to 2 ∤ a31. We have 2
k − 2k−1 choices for a31 and 2k choices for a21
which gives c(k,0,r) = 2
2k − 22k−1. So we have that
E2(s) =
∞∑
r=1
xr
r∑
k=1
pk(pk − pk−1)xk
Again there is no difference between the odd prime case and the p = 2
case. Hence,
E2(s) =
p(p− 1)x2
(1− x)(1− p2x2) . (30)
CASE 3 : k, l, r ≥ 1
In this case (22f) implies that both a21 and a32 are coprime to 2.
Therefore (except in 3b) we have that c(k,l,r) = (2
2k− 22k−1)(2l− 2l−1))
in all the following subcases:
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SUBCASE 1 : l < r − 1
We can simplify (22e) as 2r−k+1(a32−2r−l−1a21) ∈ Z. Since l < r−1,
this holds only when k − 1 ≤ r. So our sum is
E3(s) =
∞∑
r=3
xr
r+1∑
k=1
(p2k − p2k−1)xk
r−2∑
l=1
(pl − pl−1)xl
=
px(1− p−1)2
1− px
∞∑
r=3
xr(1− (px)r−2)
r+1∑
k=1
(p2x)k
=
p(p− 1)2x2
(1− px)(1− p2x)
∞∑
r=3
(xr − (px)−2(px2)r)(1− (p2x)r+1)
=
p(p− 1)2x2
(1− px)(1− p2x)
∞∑
r=3
(
xr−(p2x)(p2x2)r−(px)−2(px2)r+x−1(p3x3)r
)
=
p(p− 1)2x2
(1− px)(1 − p2x)
(
x3
1− x −
p8x7
1− p2x2 −
px4
1− px2 +
p9x8
1− p3x3
)
.
We have
E3(s) = (p(p−1)2x5)


p7x6 − p7x5 − p6x4 + p5x5 + p6x3
− p5x4 − p4x3 + p4x2 − p3x3 − p2x2 + p2x+ 1
(1− x)(1 − p2x2)(1− p3x3)(1− px2)

 .
(31)
SUBCASE 2 : l ≥ r
In this case we can simplify (22e) to 22r−k−l(2l−r+1a32 − a21) ∈ Z.
This only holds when k + l ≤ 2r. Our sum is
E4(s) =
∞∑
r=1
xr
2r−1∑
l=r
(pl − pl−1)xl
2r−l∑
k=1
(p2k − p2k−1)xk
=
p2x(1− p−1)2
1− p2x
∞∑
r=1
xr
2r−1∑
l=r
(px)l(1− p4r−2lx2r−l)
=
(p− 1)2x
1− p2x
∞∑
r=1
xr
2r−1∑
l=r
(px)l − p4r−lx2r
=
(p− 1)2x
(1− p2x)(1 − px)
( ∞∑
r=1
xr(px)r(1− (px)r)
)
−p(p− 1)x
(1− p2x)
( ∞∑
r=1
xr(p4x2)rp−r(1− p−r)
)
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=
(p− 1)2x
(1− p2x)(1 − px)
(
px2
1− px2−
p2x3
1− p2x3
)
−p(p− 1)x
(1− p2x)
(
p3x3
1− p3x3−
p2x3
1− p2x3
)
.
We have
E4(s) =
p(p− 1)2x3
(1− px2)(1− p3x3)(1− p2x3) . (32)
SUBCASE 3 : l = r − 1
In this case (22e) reduces to 2l−k+2(a32 − a21) ∈ Z.
SUBCASE 3a) : k ≤ l + 2
Equation (22e) holds for all a32, a21 satisfying (22a) and (22b). Our
sum in this case is
E5(s) =
∞∑
l=1
(pl − pl−1)x2l+1
l+2∑
k=1
(p2k − p2k−1)xk
=
p2(1− p−1)2x2
1− p2x
∞∑
l=1
(px2)l(1− (p2x)l+2)
=
(p− 1)2x2
1− p2x
(
px2
1− px2 −
p7x5
1− p3x3
)
.
We obtain
E5(s) =
p(p− 1)2x4(1 + p2x− p3x3 + p4x2 − p5x4)
(1− px2)(1− p3x3) . (33)
SUBCASE 3b) k > l + 2.
We can rewrite (22e) as 2k−l−2 | a32− a21. Fix a32 coprime to 2 such
that a32 < 2
l. There are 2l−2l−1 choices for a32. Since a21 is congruent
to a32 modulo 2
k−l−2 that leaves 2k−(k−l−2) = 2l+2 choices for a32. So
that c(k,l,r) = 2
k(22l+2 − 22l+1).
E6(s) =
∞∑
l=1
(p2l+2 − p2l+1)x2l+1
2l∑
k=l+3
(px)k
=
(p2 − p)x
1− px
∞∑
l=1
(p2x2)l(px)l+3(1− (px)l−2)
=
p(p− 1)x
1− px
(
p4x6
1− p3x3 −
p3x5
1− p4x4
)
.
We have
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E6(s) =
p4(p− 1)x6(p4x4 + p3x3 − 1)
(1− p3x3)(1− p4x4) . (34)
ζccR,2(s) =
6∑
i=1
Ei(s)
ζccR,2(s) =
(
1 + x+ 22x2 − 23x4 − 24x5 + 24x6 − 25x6 − 26x6
+ 27x6 + 27x8 − 27x9 − 29x8 + 28x9 + 29x8 − 28x10 + 29x10
)
(1− p4x4)(1− p3x3)
(35)
This is easily seen to be holomorphic on a domain containing ℜs ≥ 3/2.
A computation shows that the value of ζccR,2(3/2) is
25
√
2 + 177
96− 24√(2) ∼ 3.422.
The rest of the statements of Theorem 2 follow from standard Taube-
rian theorems and basic properties of the Riemann zeta function. We
note that the quantity A + B
√
2 in the statement of the theorem is
equal to ζccR,2(3/2)/8.
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